We list several open problems concerning the enumeration of directed animals on two-dimensional lattices. We show that most of these problems are special cases of two c e n tral problems: calculating the position generating function and the perimeter and area generating function for square lattice animals.
Introduction
An animal A on a graph G is a nite connected set of vertices: any t wo v ertices of A are connected through a path of G having all its vertices in A (Figure 1 ). The vertices of A are called cells, and the number of cells is the area of the animal. A neighbour of A is a vertex that does not belong to A, but is connected by an edge to a cell of A. T h e (site) perimeter of A is its number of neighbours. On a periodic in nite graph, animals are usually de ned up to a translation. These simple combinatorial objects are also of interest in statistical physics. For instance, they are the main ingredient of cell growth models. Moreover, enumerating animals according to their perimeter and area solves the (site) percolation model on G 6].
According to Stau er 21], one calls these con gurations \animals" since they have a certain similarity with multicellular living beings which might enter your nightmares if you counted them too long. Indeed, enumerating animals on a periodic in nite graph seems to be a nightmarish problem. To our knowledge, the most precise rigorous result in this eld is the following 18]: there exists a constant K such that, if a n denotes the number of square lattice animals having n cells, then a 1=n n tends to K when n tends to in nity. Finding lower and upper bounds for K is di cult, and the rst digit of K is not yet known: 3 87 < K < 4 65: Some non rigorous | but much more precise | results assert that K 4: 0626 15] .
One can de ne more tractable animals by considering an oriented graph G having a distinguished vertex O, called the origin. I f a n e d g e g o e s f r o m v to w, t h e n w is said to be a son of v, and v a father of w. A directed animal A on G is a nite set of vertices containing O, s u c h t h a t a n y v ertex of A can be reached from O through an oriented path of G having all its vertices in A. The origin O is the source of A. T h e v ertices of A are called cells, and the number of cells is the area of the animal. The neighbours of A are the vertices that do not belong to A but have a f a t h e r i n A. The (site) perimeter of A is its number of neighbours. This de nition generalizes the notion of (undirected) animals given above since unoriented graphs can be seen as a special kind of oriented graphs, by replacing each unoriented edge by a pair of oriented edges. From now on, we only deal with directed animals, and the word \directed" will often be omitted.
We study in this paper directed animals on the square, triangular and honeycomb lattices. Examples are given in Figure 2 . The edges are oriented upwards in all lattices. The leftmost animal has area 12 and perimeter 10. Directed animals are related to directed (site) percolation models. Moreover, as shown by Dhar 12] , enumerating directed animals according to the area on certain graphs is equivalent t o s o l v i n g a hard p article model on another graph. For instance, directed animals on the square lattice correspond to a simple hard particle model in one dimension, but animals on the honeycomb lattice do not correspond to any h a r d particle model. A combinatorial proof of Dhar's result has also been given using the notion of heaps of pieces 4, 2 2 ] . As illustrated in Figure 3 , a hard particle model is a gas model in which t wo adjacent v ertices cannot be simultaneously occupied by cells. Actually, the correspondence between directed animals and hard particle models is not only a motivation for studying animals. It is also a very e cient w ay o f e n umerating them according to the area, for the few exact known results in this domain can be obtained by solving the corresponding gas model. The main two results are the area generating functions for directed animals on the square lattice and on the threedimensional next-nearest neighbour cubic lattice drawn in Figure 4 (a) 11, 1 2 ] . F or square lattice animals, there exists, besides the gas model argument, a very simple and nice combinatorial proof based on the notion of heaps of pieces 3, 4 , 2 2 ]. However, this combinatorial method has not (yet) been extended to animals in three dimensions, for which the very di cult solution of the corresponding gas model, called the hard hexagon model, remains the unique enumeration technique 2]. In particular, the area g e n e r ating function for directed animals on the triangular lattice i s T 0 (t) = 1 2 (1 ; 4t) ;1=2 ; 1 :
Finally, C o n way, Brak and Guttmann have conjectured simple algebraic expressions for the generating functions for directed animals on the decorated square lattices 9]. These conjectures have been proved by Ali 1] . More details on these lattices are given in the following sections, together with a new proof of Ali's results. We also introduce some decorated triangular lattices and give simple algebraic expressions for the generating functions of directed animals on these lattices.
The animals above are sometimes called site-animals to distinguish them from bond-animals, w h i c h are connected sets of edges. More precisely, a (directed) bond-animal A on an oriented graph G is a nite set of edges such that each e d g e o f A belongs to an oriented path of G starting from O and having all its edges in A. The area of A is its number of edges. The neighbours of A are the edges that do not belong to A, b u t O Figure 5 : A directed bond-animal on the square lattice (area 21, perimeter 21).
whose starting point belongs to an edge of A. T h e (bond) perimeter of A is its number of neighbours. The enumeration of bond-animals according to their perimeter and area is related to bond-percolation models.
When there is no risk of confusion, we will continue to use simply the word \animal" to denote site-animals.
As far as we know, we h a ve m e n tioned all exact known results concerning the enumeration of animals. By elimination, one can obtain an in nite list of open problems. Here is, however, a tentative classi cation.
The area is the only parameter for which exact enumerations are available. One could try to take into account other parameters, such as the perimeter, given its crucial role in percolation models. It is known that the perimeter generating function for square lattice animals is not algebraic 7, 8 ] .
Nothing is known about bond-animals. The honeycomb lattice raises serious di culties, for animals on this lattice do not behave l i k e animals on the square or triangular lattice. In particular, their area generating function does not seem to be algebraic 16], and the asymptotic number of animals having n cells, which is respectively 3 n = p n and 4 n = p n for the square and triangular lattices, is (2:0251:::) n = p n for the honeycomb lattice 13].
Other lattices could be studied in two, three (and more...) dimensions. In particular, the enumeration of directed animals on the lattice of Figure 4 (c) corresponds to the famous unsolved hard square m o del. We focus in this paper on two-dimensional directed animals. We list in the following section several open problems concerning their enumeration. We s h o w that all these problems (including the enumeration of bond-animals on the square lattice, the enumeration of site-animals on the honeycomb lattice, etc.) are special cases of two c e n tral problems: calculating the position generating function and the perimeter and area generating function for square lattice animals.
How can we compute these generating functions? A natural idea is to extend one of the two methods for enumerating square lattice animals according to the area, i.e., the link with hard particle models on the one hand, and the idea of heaps on the other hand. It turns out that the idea of using heaps is not, at least at rst sight, easily generalized. Its main drawback is that it turns the arrangement o f r o ws of an animal upside down whereas both the position of cells and the perimeter are closely linked to this arrangement. Therefore, we h a ve concentrated on Dhar's idea, and have extended it to take i n to account additional parameters. Our central result is that the position generating function and the area and perimeter generating function for square lattice animals | and consequently all generating functions mentioned in Section 2 | are, essentially, the density of a certain one-dimensional gas model. The cell distribution of this gas is the stationary distribution of a simple probabilistic transition. (2) the stationary distribution and its density h a ve simple expressions. Alas, the position generating function is related to the transition (p 1 p 2 p 3 p 2 p 3 =p 1 ) while the area and perimeter generating function is related to the transition (p 1 p 2 p 2 p 2 ), and neither of these transitions satis es (2)... However, when p 3 = 0, the rst transition satis es (2) and is combinatorially signi cant. We t h us obtain a new bivariate generating function for directed animals on the square lattice. We derive from this result the generating functions for animals on decorated square lattices, as well as the average number of loops in animals of given area as conjectured by C o n way 7 , 8] .
Similarly, w e obtain for animals on the triangular lattice a new bivariate generating function, from which w e derive the generating functions for animals on decorated triangular lattices as well as the average number of loops in animals of given area as conjectured by C o n way. These results do not follow from the corresponding square lattice results. Surprisingly, animals on decorated triangular lattices are equinumerous with triangular lattice animals.
To nish, here is the history of this paper. I had conjectured the values of the two b i v ariate generating functions mentioned above (Propositions 6.1 and 6.4). Since I was not able to prove them \combinatorially", I tried to extend Dhar's method, and discovered that the main open problems on two-dimensional lattices were equivalent to the solution of a gas model. Although I could only solve this model in some special cases | t h us proving the two conjectures | I believe t h a t t h e general correspondence between directed animals and gas models is worth being presented, and could maybe lead in the future to the solution of certain other open questions. Figure 6 . In the rst case, we s a y that the cell v is only supported on the right, in the second case, that it is only supported on the left, and in the third case, that v is a loop (in Figure 6 , the vertices belonging to the animal are denoted by black circles, and the others by crosses). We denote r(A) (resp. 
= w ;1 S 1 (tw w ;1 w ;1 ):
The sums are over all the square lattice d i r ected animals.
Of course, we h a ve S 1 (t 1 1) = S 0 (t) a n d S 1 (t u v) = S 1 (t v u). The series S 1 (t u v) h a s t wo i n teresting specializations, namely S 1 (t u u) and S 1 (t u 1):
the perimeter and area generating function for bond-animals on the square lattice can be computed from S 1 (t u u) (equivalently, f r o m S`(t w)), the area generating function for animals on the decorated square lattices, studied by Conway, Brak and Guttmann 9] , can be computed from S 1 (t u 1), the average number of loops in animals of given area can also be derived from S 1 (t u 1). We compute S 1 (t u 1) in Section 6.
2.1.1 Directed bond-animals on the square lattice Let B be a directed bond-animal on the square lattice. Let V (B) b e t h e s e t o f v ertices belonging to an edge of B. By convention, V (B) = fOg if B is the empty animal. Then V (B) is a site-animal. Since two edges start from each cell of V (B), the bond-perimeter of B is p(B) = 2 jV (B)j ; j Bj:
Conversely, let A be a site-animal. We wish to obtain all bond-animals B such that V 
We have S b (t x) = x t S` tx 2 + t x where S`(t w) is the loop generating function for site-animals, de ned b y (4).
Directed animals on decorated square lattices
In their attempt to understand why the area generating functions for animals on the square and honeycomb lattices do not have similar behaviours, Conway, Brak and Guttmann have i n troduced new lattices, called strange lattices 9] or decorated s q u a r e l a t t i c es 1]. They conjectured algebraic expressions for the area generating functions of directed animals on these lattices. We s h o w here that these generating functions are Let B be a directed animal on the n;decorated (square) lattice. The set S(B) formed with the cells of B lying on the original square lattice is a square lattice animal. Conversely, l e t A be a square lattice animal. We wish to obtain all animals B on the n;decorated lattice such t h a t S(B) = A. S u c h an animal B contains the cells of A. Moreover, if a cell v of A is only supported on the right, then B contains the n vertices lying on the SE/NW edge ending at v. On the remaining SE/NW edges starting from a cell of A (there are jAj ; r(A) s u c h edges), B may h a ve 0 1 2 : : : or n cells (Figure 8 ). Of course, we h a ve S m (t) = @S@ w (t 1) where S`(t w) is the loop generating function, de ned by (4). However, S m (t) can also be derived from S 1 (t u 1).
Proposition 2.4 | The generating function S m (t) is given by
S m (t) = t dS 0 dt (t) ; S 0 (t) ; 2 @S 1 @u (t 1 1) where the series S 0 (t) and S 1 (t u v) are de ned i n P r oposition 1.1 and De nition 2.1 respectively.
Proof. Use b(A) = jAj ; r(A) ;`(A) ; 1 a n d S 1 (t u 1) = S 1 (t 1 u ).
To nish this section, we s h o w that the number of cells only supported on the right is indirectly related to the site perimeter. Let A be a square lattice animal. Let us call right (resp. left) neighbour of A any neighbour of A lying to the north-east (resp. north-west) of a cell of A ( Figure 9) . A neighbour of A can be simultaneously a right and a left neighbour. Proof. Consider the set of vertices that lie to the north-east of a cell of A. It has cardinality jAj, and it is the disjoint union of the set of cells of A supported on the left and the set of right n e i g h bours of A. One concludes the proof by noticing that the number of cells of A supported on the left is jAj ; r(A) ; 1.
The site perimeter of directed animals
Let S 2 (t x) be the area and perimeter generating function for animals on the square lattice:
Similarly, let H 2 (t x) be the area and perimeter generating function for animals on the honeycomb lattice.
No formula for these series is known. Moreover, no formula is known for H 2 (t 1) whereas S 2 (t 1) = S 0 (t)
is given in Proposition 1.1. Both series are related to directed site-percolation models, on the square and honeycomb lattices respectively 5, 6] . The percolation probability on the square lattice is
where p denotes the probability for a site to be occupied. A similar identity holds for the percolation probability on the honeycomb lattice:
It turns out that computing S 2 (t x) i s e q u i v alent to computing H 2 (t x) 1 3 ].
Proposition 2.6 | T h e a r ea and perimeter generating functions for animals on the square and honeycomb lattices are r elated as follows:
Proof. There is a one-to-one correspondence between animals of area 2 on the honeycomb lattice and pairs (A A 0 ) such t h a t A is a square lattice animal and A 0 is a set of neighbours of A. This correspondence has the following properties, which imply the proposition: if (B) = ( A A 0 ), then jBj = 2 jAj + jA 0 j and p(B) = p(A): To describe , we rst draw on the honeycomb lattice H a square lattice S whose vertices are the vertices of H having two sons ( Figure 10 ). Let B be an animal of area 2 on the honeycomb lattice. Let A be the set of vertices of B lying on S. Then A is an animal on S. L e t A 0 be the set of vertices of S that do not lie in B but whose father (in H) belongs to B. Let (B) = ( A A 0 ). One checks easily that is one-to-one and satis es the announced properties. Remark. Proposition 2.6 implies that the directed site-percolation probabilities on the square and honeycomb lattices (see Equations (6) and (7)) satisfy P H (p) = pP S (p 2 ): In particular, the critical probabilities satisfy p S c = ( p H c ) 2 :
The correspondence provides another identity b e t ween two generating functions. Let H 1 be the set of vertices of H having a unique son. Let H 2 = H n H 1 . L e t A be an animal on the honeycomb lattice. We denote jAj 1 = jA \ H 1 j and jAj 2 = jA \ H 2 j. Proposition 2.7 | L etH 2 (u v) be the following generating function for animals on the honeycomb lattice:
We haveH 2 (u v) = u + S 2 (uv 1 + u):
The position of cells in a triangular lattice animal
The results presented here are very similar to those of Section 2.1 and the proofs are omitted.
Let A be an animal on the triangular lattice. Let v 6 = O be a cell of A. S e v en cases occur now, de ned in Figure 11 . We denote r(A) (resp.`(A), c(A)) the number of cells of A only supported on the right (resp. 
The loop generating function for directed animals on the triangular lattice i s
= y ;1 T 1 (ty y ;1 y ;1 y ;1 x y ;1 ):
The sums are o v e r a l l d i r ected animals of the triangular lattice.
Of course, we h a ve T 1 (t 1 1 w 1) =T 0 (t w) (see Proposition 1.2) and T 1 (t u v w x) = T 1 (t v u w x). A more amazing (and non-trivial) result is proved in Section 6: The series T 1 (t u v w x) has again two i n teresting specializations, namely T`(t x y) and T 1 (t u 1 1 1).
Directed bond-animals on the triangular lattice
The perimeter and area generating function for directed bond-animals on the triangular lattice can be derived from the loop generating function.
Proposition 2.9 | L et T b (t x) be the area a n d p erimeter generating function for bond-animals on the triangular lattice:
We have T b (t x) = x t T` tx 2 2 + t x 3 + 3 t x + t 2 x 2 where T`(t x y) is the loop generating function for site-animals, de ned b y (9).
Directed animals on decorated triangular lattices
Although they have not been studied in literature, we can de ne decorated triangular lattices, by adding vertices on the SE/NW edges of a triangular lattice ( Figure 12 ). All de nitions given above can be extended to animals of bounded width (area, perimeter, loops, cells only supported on the right, etc). Since the lattice has now a nite width, we can write a nite system We give in Section 5 a probabilistic interpretation of the recurrence relation (12).
Animals on the honeycomb lattice
Consider the cyclic oriented honeycomb lattice of Figure 14 A cell not belonging to the rst two rows is in one of the seven positions described in Figure 11 (15) where N`(C D) = fi 2 D : i ; 1 6 2 C Dg. The model is cyclically invariant if G C + = G C for all C, w i t h C + = fi+1:i 2 Cg. In this case, the density is also the probability that the vertex labelled 1 is occupied. In the following lemma, we g i v e the density o f a cyclically invariant gas model with nearest-neighbour interactions. Proof. This calculation is very classical in statistical physics (see 2] Chap. 2 for instance). We di erentiate the partition function with respect to to obtain:
The right hand-side of this identity is the density of the model, thus we only need to compute Z. Let (resp. L 1 ) the set of vertices of the internal (resp. external) row, and label the vertices in each r o w w i t h 1 2 : : : N . Consider that Y describes a gas model on L 1 . Then the cell distribution induced by Y via (p 1 p 2 p 3 p 4 ) is obtained by adding a cell on a vertex i of L 0 with probability p 1 if the vertices i and i + 1 o f L 1 are both empty, with probability p 2 if i is occupied and i + 1 is empty, with probability p 3 if i is empty and i + 1 is occupied, with probability p 4 if i and i + 1 are both occupied.
The link between gas models and animals will be established by comparing the recurrence relations de ning the generating function for animals of source C with the expression giving the probability that the cells of C are occupied in the model X. F or C N], we denote f C = P(X C 1) and g C = P(Y C 1). Let E be a subset of N], identi ed with L 1 . W e denote N(E) the set of neighbours of E, N r (E) ( r e s p . N`(E)) the set of vertices of L 0 that are only right (resp. left) neighbours of E, a n d N r`( E) the set of vertices of L 0 that are simultaneously right and left neighbours of E. More precisely, N (E) = E f i ; 1 : i 2 Eg N r (E) = fi 2 E : i + 1 6 2 Eg (18) N`(E) = fi 6 2 E : i + 1 2 Eg and N r`( E) = fi 2 E : i + 1 2 Eg:
Using the notations (11), we w r i t e Remark. The conditions given in the lemma are su cient, but probably not necessary. Here are a few necessary conditions: p 1 6 = 0 , p 4 6 = 1 , ( p 1 p 4 ) 6 = ( 1 0), (p 2 p 3 ) 6 = ( 1 0), etc. ..
Finding the stationary distribution of a generic local transition is not an easy task, and we h a ve not been able to do it. However, we c a n c haracterize the irreducible local transitions whose stationary distribution (21) (see 17] (18) .
The proof is given in the appendix.
Remark. As pointed out by B. Derrida, the case where p 1 + p 4 = p 2 + p 3 is much simpler than the case studied in the proposition above: the density o f a n y cyclically invariant stationary distribution is The study of the existence and uniqueness of a stationary distribution is a bit more delicate than above and will not be described in details. The transition is no longer irreducible since some states (C D) 2 N] 2 are transient. H o wever, there is a unique set of states on which the transition is irreducible (at least when p 1 (1 ; p 1 )(1 ; p 2 ) 6 = 0) and this implies the existence and uniqueness of the stationary distribution, given by the following proposition. p 1 )(1 ; p 2 ) ).
Proof. The proof is a simple calculation very similar to what is done in the appendix.
5 Directed animals and gas models
In this section, all animals and gas models live on cyclic lattices having N vertices in each r o w, for a given integer N.
The correspondence between directed animals and hard particle models described by Dhar implies, in the square lattice case, that S (N) 0 (t) = ; (;t 0 0 0) (24) where S (N) 0 (t) is the area generating function for one-source animals on the cyclic square lattice and (;t 0 0 0) is the density of the gas whose distribution is stationary for the local transition (;t 0 0 0). This density can be computed by c o m bining Lemma 4.4, Proposition 4.6 and Lemma 4.1. We generalize this result in two di erent w ays: we s h o w that the position generating function and the area and perimeter generating function for directed animals on the square lattice can also be expressed in terms of the density of a gas whose distribution is stationary for a given local transition. Unfortunately, w e could not compute this density in the most general case, but only in a particular case to which Section 6 is devoted.
Position generating function for square lattice animals
Let us consider the local transition (q 1 q 1 q 2 q 1 q 3 q 1 q 2 q 3 ) and its stationary distribution. For C N], let N r`( C) = fi 2 C : i ; 1 2 Cg: Using the notations (11), we h a ve, according to (19) where g C is the probability that the vertices of C are o ccupied w h e n t h e c ell distribution is stationary for the Remark. The special case u = v = 1 is nothing but Dhar's result, given by (24).
Using the ideas of Section 2.1, we can express several generating functions for one-source directed animals (i.e. animals of source f1g) in terms of the density of some gas models. Corollary 5.2
The generating function for one-source directed animals on the cyclic square lattice according to their area and number of cells only supported on the right is 1 (C) = ( ;1) jCj g C where g C is the probability that the vertices of C are o ccupied w h e n t h e c ell distribution is stationary for the transition (p 1 p 2 p 2 p 2 ), with p 1 = ;u(1 + v) and p 2 = ;u.
Using the ideas of Section 2.2, we can express several generating functions for one-source directed animals in terms of the density of some gas models.
Corollary 5.4
The area g e n e r ating function for one-source d i r ected animals of type 1 on the cyclic honeycomb lattice i s 
Explicit results
We give here the generating functions for directed animals on the square and triangular lattices according to their area and number of cells only supported on the right. These results are new and provide the generating functions for animals on decorated lattices, as well as the mean number of loops in animals of given area. We found no \combinatorial" proof of these formulas. Remark. According to Lemma 2.5, uS 1 (t u 1) is the generating function for directed animals according to their area and numb e r o f r i g h t n e i g h bours.
From Proposition 2.3, we obtain the generating function for animals on the decorated square lattices.
Corollary 6.2 | T h e a r ea generating function for animals on the n;decorated square lattice i s S d n (x y) = S 1 x 1 ; y n+1 1 ; y y n 1 ; y 1 ; y n+1 1 where S 1 (t u 1) is given in the proposition above. In particular,
Remark. This result has already been proved by Ali 1] . His proof is also inspired by Dhar's method, but one of its steps involve s a t wo-dimensional Ising model, whereas we only need a one-dimensional model here. From Proposition 2.4, we compute the total numb e r o f l o o p s i n a n i m a l s o f g i v en area. Proof. We apply Proposition 5.5 with C = and D = f1g: the generating function for one-source directed animal on the cyclic triangular lattice is the opposite of the probability t h a t a g i v en vertex of L 2 is occupied, when the distribution of cells on L 1 L 2 is stationary for the transition (;t t(u ; 1)). We combine Proposition 4.8 and Lemma 4.1 and let N tend to in nity to conclude the proof.
Remark. Comparing with Proposition 1.2 shows that the parameters \number of cells only supported on the right" and \number of cells only supported at the center" have the same distribution on animals of given area. This is not obvious at all, and it would be nice to nd a more direct proof. From Proposition 2.10, we obtain the generating function for animals on the decorated triangular lattices.
Corollary 6.5 | T h e a r ea generating function for animals on the n;decorated triangular lattice i s T d n (x y) = T 1 x 1 ; y n+1 1 ; y y n 1 ; y 1 ; y n+1 1 1 1 where T 1 (t u 1 1 1) is given in the proposition above. In particular, T d n (x x) = T 0 (x) = 1 2 (1 ; 4x) ;1=2 ; 1 which means that this simpli ed a r ea generating function for animals on the n-decorated triangular lattice does not depend on n.
From Proposition 2.11, we compute the total number of loops in animals of given area. This implies that, in animals of area n, the mean number of cells supported only on the right (on the left, at the center) is n(n;1) 2(2n;1) , the mean number of loops is (n;1)(n;2) 2(2n;1) .
Remarks. 1 . Uniform generation of random animals suggests that they are in general very \thin" 10].
Corollaries 6.3 and 6.6 give a measure of thinness: if random animals were compact, then they would have lots of loops whereas only one fourth of the cells are loops.
2. The generating functions for animals on the decorated square lattice and the results of Corollaries 6.3 and 6.6 were conjectured by Andrew Conway 7 , 8] . He rightly says that results should be easier to prove once the answer is known... Let us advertise another of his conjectures, which is related to the mean perimeter of square lattice animals of given area, and could maybe be derived from Section 5. Appendix: proof of Proposition 4.6.
1. Let us consider a markovian eld on L 0 L 1 . Suppose that it is induced by the stationary distribution of an irreducible local transition (p 1 p 2 p 3 p 4 ). Since the stationary distribution is unique, it is cyclically invariant, and so is the induced markovian eld: there exist two functions L and R such that (21) A simple calculation shows that these identities imply (22).
2. Conversely, assume that (22) is satis ed. Since the transition is irreducible, p 1 6 = 0 a n d p 4 According to (16) and (17), and using Comparing with (21) shows that the cell distribution given by (25) 
